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1. Introduction 

This work is concerned with the study of algebraic families of rational curves. 
The main theorem yields a splitting-criterion for families of singular curves. In some 
cases, this effectively complements the bend-and-break argument which appears in 
the work of Mori. We apply this result to projective varieties X which are covered 
by a family of rational curves of minimal degrees. More precisely, we fix a general 
point X d X and prove in theorem 3.3 that the subfamily of singular rational curves 
which pass through x is at most one-dimensional. Furthermore, we describe the 
singularities of the curves. 

This has further consequences: first, we show that the tangent map which sends 
a curve through x to its tangent direction in F{T^\x) is a finite morphism. We 
believe that this will be useful in the further study of Fano manifolds with Picard 
number one. 

For the second application, recall Mori's bend-and-break which asserts that if 
x,y € X are two general points, then there are at most finitely many curves in the 
family which contain both x and y. In this work we shed some light on the question 
as to whether two sufficiently general points actually define a unique curve. 

Finally, we give a characterization of the projective space which, in characteristic 
0, improves on some of the known generalizations of Kobayashi-Ochiai's theorem. 



Date: February 8, 2008. 

1991 Mathematics Subject Classification. Primary 14J45, Secondary 14C15. 
Key words and phrases. Rational curves of minimal degree, Fano Manifolds, Bend-and-Break, 
Characterization of Pn. 

The author gratefully acknowledges support by a Forschungsstipendium of the Deutsche 
Forschungsgemeinschaft . 

1 



2 



STEFAN KEBEKUS 



Throughout this paper, unless otherwise noted, we work over an algebraically 
closed field k of arbitrary characteristic and use the standard nota tion of algebraic 
geometry. For spaces of rational curves, our principal reference is | Kol96| . 



Acknowledgement. The paper was written while the author enjoyed the hospitality 
of RIMS in Kyoto. The author is grateful to Y. Miyaoka for the invitation and to 
the members of that institute for creating a stimulating atmosphere. He would like 
to thank S. Helmke, J.-M. Hwang, S. Kovacs, Y. Miyaoka and S. Mori for a number 
of discussions on the subject. 

2. Families of singular curves 

The subject of the present section is a splitting criterion for algebraic families 
of singular rational curves. Before stating the main result, however, we need to 
introduce notation. Without this, the formulation would be difficult. 

Notation 2.1. Let C be a curve and rj : C ^ C the normalization. We say that C 
is "immersed" if has rank one at all points of C. 



Notation 2.2. Let C be an irreducible and reduced singular rational curve and 
L G Pic(C) a line bundle of degree fc > 0. Let (C'i)ig{o,i} be the nodal and cuspidal 
plane cubic. We say that a smooth point x G C is "general with respect to L", 
if (3*{L) ^ {kf3^^ix)) for all birational morphisms Pi : Ci ^ C and for all 

i e {0,1}. 



Lemma 2.3. If C and L are as above, then the set of points which are general with 
respect to L is Zariski-open in C . 

Proof. As a first step, note that if a; G C is a smooth point, g € Aut(Ci) an 
automorphism and Pi : Ci ^ C a. birational morphism, then it is clear that 

igop,)-\L)^Oc,{k{gop,)-\x)) 

if and only if ^r^(^) = ^c. {kPr\x))- 

To conclude, it suffices to note that — up to composition with automorphisms — 
there are only finitely many birational morphisms Ci C . Recall that for a given 
bundle Li G Pic(Ci), we have that Oci{ky) ^ Li for all but finitely many smooth 
points y G d. □ 

The following is the main result of this section and the technical core of this 
paper. 

Theorem 2.4. Let n : X Y be a projective morphism between proper positive- 
dimensional varieties such that the general fiber is an irreducible and singular ra- 
tional curve. Assume that tt is equi- dimensional and that there exists a section 
(Too C X and a morphism j : X ^ Z which maps Uoo to a point and is finite on the 
complement of Uoo- Let L e Pic(X) be a line bundle whose restriction to i: -fibers 
is of positive degree. Assume furthermore that one of the following holds: 

1. all IT -fibers are immersed curves 

2. no TT-fiber is immersed and there exists a closed point y gY with reduced and 
irreducible fiber Xy := Tr~^(jj) such that CToo H Xy is a smooth point which is 
general with respect to L\xy. 
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3. the restriction of L to -K-fihers is of degree 2 and there exists a closed point 
y ^ Y with reduced and irreducible fiber Xy :— TT~^{y) such that cFoo H Xy is 
general with respect to L\xy- 

Then there exists a point y such that TT^^{y) is not irreducible or not generically 

reduced. 



The remaining part of section || is devoted to the proof of theorem 2A. The 
reader who is predominantly interested in the appUcations may want to skip the 
rest of this section on first reading. We re mark that statement (1) has already been 
considered by several authors, e.g. |CS95, sect. 2]. 



In order to prove the theorem, we argue by contradiction. More precisely, we 
assume the following throughout the present section ||. 

Assumptions 2.5. Assume that n : X ^ Y is a family as described in theorem 2.4 , 
but all fibers of tt are irreducible and generically reduced. In particular, the reduc- 
tion of any 7r-fiber is a singular rational curve. Since the statement of theorem 2A 
is stable under finite base change and under restriction to positive-dimensional 
subvarieties of Y, we assume without loss of generality that F is a smooth curve. 

2.1. Reduction to families of plane cubics. As a first step in the proof of 
theorem 2.4, we show that the family X ^ Y can be replaced by a family where 



every fiber is isomorphic to a plane cubic. Although we need this only over smooth 
curves, we formulate more generally for arbitrary normal bases. The succeeding 
lemma is the key to the reduction. 

Lemma 2.6. Consider the following diagram of surjective projective morphisms: 



N C 




D N 



where tt is projective, Y is a smooth curve and the following holds 

• TT is a fi-bundle, i.e. a smooth morphism whose fibers are isomorphic to Pi 

• all TT-fibers are irreducible and generically reduced singular rational curves 

• there exists a section N = Y and a subscheme N C r]~^{N) so that for all 
closed points y ^Y , the scheme-theoretic intersection Tr~^{y) D N is a zero- 
dimensional subscheme of length 2 

Then there exists a factorization rj = p o a via a variety X' such that all fibers of 
tt' are rational curves with a single cusp or node. 

Proof. Set 

^ := Image(r;4Jj^) © Oa- ^ ?7*(Ox)) C 77*(Ox). 
where jT^y C Oj^^ is the ideal sheaf of N . It follows immediately that ^ is a coherent 
sheaf of Ox-algebras. Define X' := Spec(^). The existence of a, /? and tt' follows 
by construction. 

In order to see that fibers of tt' are of the desired type, let y G F be an arbitrary 
closed point. We are finished if we show that the fiber (7r')~^(y) has a single 
singularity which is a simple node or cusp. 
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After replacing the base Y by an affine neighborhood of y and performing a base 
change, if necessary, we may assume that there exists a relatively ample divisor 
D C X which intersects every 7r-fiber in a single smooth point. We may furthermore 
assume that X = Y xFi. Write U := X\D, write U := rj-'^{U) and note that 
both U and U are affine. By choosing a bundle coordinate z on X, we may write 
U ^ Spec(i?), Y = Spec(S') and U ^ Spec(S' ®fe k[z]). 

Because N ^ H we can decompose R — Jn{U) © tt'^{S). Since 
V"^ {Jn{U)) C Jf^ by construction, we have the equation of rings 

A{U) = Image ('j'^(f7)©i?^ 50 fc[z] 

= Image (jf,{U) ® S ^ S (g) k[z] 

If z is chosen properly, tensoring with k{y) yields 



AiU)®k{y) = Image i^Jj^fiU) (g k{y) ® k{y) ^ k{y)[z] 

{z^ - c) + kiy) C k{y)[z] 

for a number c € k{y). An elementary calculation shows that this ring is generated 
by the elements — c, z(z^ — c) and the constants k{y). Therefore 

f3'^ {Tr-^{y)nU) = Spec fc(j/) [z2 -c,z(z2 -c)] 

= Spec k{y)[a, b] / (b'^ - {a + c)) 

which defines a cusp if c = and a node otherwise. □ 

In the proposition above, the assumption that tt is a Pi-bundle is automatically 
satisfied in characteristic zero. In positive characteristic, it can be neces sary to 
perform a finite base change before the normalization yields a bundle. See | Kol96t 
II. 2] for a detailed account of this phenomenon. 



Proposition 2.7. If n : X ^ Y satisfies the assumptions [2-4 then there is a 



family tt' : X' ^ Y' which satisfies assumptions 2.1 as well, and all fibers are 
rational curves with a single node or cusp. 

Proof. The strategy of this proof is to find a sequence of base changes which modify 



X and Y so that lemma can be applied. 

First, after finite base change, we may assume that the normaHzation X is a 
Pi-bundle over Y. Recall that smooth morphisms are stable under base change. 
Thus, even after further base changes, the normalization of the pull-back of X will 
still be a Pi-bundle over the base. 

Now let ATsing.TT C AT be the singular locus of 7r-fibers and let N C A'sing.rr be an 
irreducible component which maps surjectively onto Y. Since Y is assumed to be a 
smooth curve, N is actually finite over Y. If ttIn is not isomorphic, perform a base 
change. Thus, we assume that N = Y. 

As a next step, let rj : X ^ X he the normaHzation and consider the relative 
Hilbert-scheme tth ■ iii\h2{r]~^{N)/Y) ^ Y of zero-dimensional subschemes of 
length 2 in r]~^{N) over Y. Recall the fact that taking the Hilbert-scheme commutes 



with base change (see e.g. | Kol96 , 1.1.4.1.5]). In our setup this means that ifY' ^Y 
is a morphism, then 

Hilb2(?7^\A^) XY Y'/Y') ^ mih2{v'\N)/Y) xy Y'. 

This has two important consequences. 
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First, by choice of TV, if y e F is a general point, then r]^^{N) D Tr^^{y) is zero- 
dimensional of length at least two, so that 7r]^^(j/) is not empty. It follows that t:h 
is surjective. 

Second, let V C (Hilb2(?7^^(A^)/F))i.cd be a subvariety which is finite 
over Y. Let Y' be the normalization of V and perform another base 
change. Since taking Hilb commutes with base change, Y' can be seen as 
a subscheme of Hilb2(?7^^ (iV) Xy Y'/Y') and therefore defines a subscheme 



N C X Xy Y' = X XyY' . Thus, all the prerequisites of lemma 2.6 are fulfilled, and 



we can apply that lemma in order to obtain X'. Because our construction involves 



only finite base change, it is clear that X' satisfies the requirements of theorem 2.4 



if and only if X does. □ 



Remark 2.8. Under the assumptions |2.5| , let Xy be a general 7r-fiber. If Xy is not 
immersed, then it is clear from the construction that one can choose n' : X' ~* Y' 
so that any Tr'-fiber is isomorphic to a cuspidal plane cubic. Analogously, if all tt- 
fibers are immersed, the construction automatically yields a family of curves where 
each fiber is isomorphic to a nodal plane cubic. 



2.2. Proof of theorem 2.4. We will now employ the line bundle L in order to 
find two disjoint sections cto, ai C X which cannot be contracted. The following 
elementary lemma says that this is not possible. 

Lemma 2.9. Let n : X ^ Y be a smooth minimal ruled surface. Assume that 
there are three distinct sections (Tq, cti and doo where tr^ < 0. Then ctq and di are 
not disjoint. 

Proof. Write ao = aoo+ooC, di = aoo+aiC where = denotes numerical equivalence 
and C is a general fiber of tt. Since (Tq and cti are effective, a'o,i.a-oo > and thus 
o-o, 0.1 > "f'^M > 0- Therefore o'o.a'i = i?^ + oq + ai > 0. □ 



With this preparation we can now finish the proof of theorem 2.4. We stick to the 



assumptions 2.5 and let -k : X ^ Y he the family of curves with a single cusp or 



node whose existence is guaranteed by proposition 2.7. Let rj : X ^ X he the 
normalization and recall that the natural map tt : X — > F gives X the structure of 
a Pi-bundle. 



2.2.1. Proof of case (1) of theorem 2.4- In this setting, we may assume that all tt- 
fibers are nodal plane cubics. After base change, we may assume that the preimage 
?7~^(Xsing) contains two disjoint sections ao and cti. If fioo C Xsmg, then we 
can choose fTo,CTi C ?7^^(o-oo) and both ctq and cti can be contracted. This is 
clearly impossible. On the other hand, if (Too ^ -'^Sing, then X contains the section 
?7~^(o'oo), which can be contracted, and the sections a-Q,ai C rj~^{Xsing) which 
are disjoint. Since ctq and cti are both different from ?y~^(croo), this contradicts 
lemma b.9l □ 



2.2.2. Proof of case (2) of theorem 2.4- Let y g Y he any closed point and set 



Xy := Tr~^{y) and k := degL|x„. By remark 2.8, we may assume that Xy is a 
rational curve with a single cusp. But then there exists a unique smooth point 
Xy € Xy such that Oxy{kxy) = L\xy A calculation of the deformation space of 
the cuspidal plane cubic yields that tt is a locally trivial fiber bundle. In particular, 
by taking the union of the Xy we obtain a section ao C X^cg which does not meet 
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the singular locus of X. Set ctq :— ?7^^(i7o); set (Ti '7^^(-'i"sing) and note that 
(Jo and cFi are disjoint. By the assumption that (Too H Xy is a smooth point which 

are distinct. 

□ 



is general with respect to L\x^, it follows that (Tq, cti and rj {(Too) 



Again, this contradicts lemma |2.9| . 



2.2.3. Proof of case (3) of theorem 2.4- We may assume without loss of generality 
that there exist points y GY such that TT~^{y) is a nodal curve. Otherwise, we are 
in case (2) of the theorem. 



Let y G Y he any closed point and set Xy 



' (y). Since Xy is a rational 
curve with a single node or cusp, and L\xy is a line bundle of degree two, L\xy is 
basepoint-free and induces a 2:1 cover 



X,, 



V{H"{L\xJ) - 



Xy the normalization, we know that the branch 



li Xy is a nodal curve, and rj : P 
locus oiTy or] consists of two distinct points xq, xi which are not contained in the 
preimage of the singularity: Xi ^ r]~^{{Xy)sing)- We extend Ty to a global map F: 




Note that 7r*(-L) is locally free of rank 2. Recall that X is a minimal smooth ruled 
surface over Y and let D C X be the (reduced) branch locus of F o 77. Then D 
intersects every 7r-fiber in exactly 2 distinct points. 

After performing another base change, if necessary, we may assume without loss 
of generality that D is reducible. Write D = cto U (Ti and note that ctq n cti = 0, 
i.e. that ctq and cti are disjoint sections. But X contains also a contractible sec- 
tion o-Qo, which is a component of the preimage oi x & X. By assumption (3) of 



theorem 2.4, these three sections are distinct, contradiction. This ends the proof of 
theorem 2.4. □ 



3. Applications 

3.1. Families of singular curves on projective varieties. The purpose of this 
section is to give an estimate of the dimension of the space of singular curves through 
a general point and the describe the singularities. 

For the reader's convenience, we recall some facts about parameter spaces for 



rational curves. See |Kol96| , II. 2] for a detailed account of these matters. Let X be 



a projective variety and Chow(X) its Chow-variety with universal family 

Univ^h°"(X) CX X Chow(X). 

It can be shown that Chow(X) contains a quasi-projective subvariety V C Chow(X) 
parameterizing irreducible and generically reduced rational curves. 

In characteristic 0, define RatCurves"(X) to be the normalization of V, and note 
that the normalization of the universal family over RatCurves"'(X) becomes a Pi- 
bundle. In order to achieve the same in positive characteristic, let RatCurves"(X) 
be the normalization of a canonically given finite cover of V. 

Throughout the rest of this work we consider the following setup. 
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Notation- Assumptions 3.1. Let X is a projective variety (not necessarily normal) 
over k and H C RatCurves"(X) an irreducible family (not necessarily proper) of 
rational curves with universal family U C X x H as follows 

U^-^X 



H 

Assume that l is dominant. If x G X is any point, then define Hx C H to be the 
subfamily of curves through x: Hx ■= tt{l^^ {x))red- Write Ux for the restriction of 
the universal family and Lx, t^x for the restrictions of the canonical morphisms. 

We assume throughout the present section that Hx is proper for general choice 
oix ^ X. We define locus(i/2;) := i{Ux) with its reduced structure. 

Remark 3.2. It is a main result of Mori theory that a family H ("minimal rational 
curves") satisfying the assumptions always exists \i X is a Fano manifold. 

Theorem 3.3. Let iJ^'^s d H he the subfamily parametrizing singular curves and 
let L G Pic(X) he a line bundle whose restriction to the curves is of positive degree. 
If X E X is a general point, then the following holds 

1. The subfamily of singular curves through x has dimension at most one. 
The subfamily ijfing^^ c of curves which are singular at x is at most 
finite. If H^^'^^'^ is not empty, then the associated curves are immersed. 

2. If L intersects the curves with multiplicity two, then is at most finite 
and H^™^'^ is empty. 

For the applications it is important to keep in mind that the notion of a general 
point depends on the choice of the line bundle L. 

Proof. As a first step, we need to find an estimate for the dimension of the subfamily 
of non-immersed curves. We let i^Smg.m ^ ^Smg ^j^g closed subfamily of non- 
immersed curves and claim that 
(3.1) dimijf "g'"^' < 1. 

Indeed, if dimijf > 1, then let C C X be a singular curve which corresponds 
to a general point of a component of ijSmg.m .^^j^jgi^ jg Qf maximal dimension. By 



lemma 2.2, we find a smooth point y € C which is general with respect to L\c. 
We remark that C is not an isolated point point of i/^'"s,ni g^j^j conclude by theo- 



rem 2A.{2) that cannot be proper. But then Hy cannot be proper, contrary 



to our assumption. This shows the inequality (3.1). 

Next, we show that dim_ff|'"s < i \Ye will argue by contradiction and assume 
that dim > 2. Now, if H' C is any curve which parameterizes nodal 

curves in X, we can apply theore m ^.4| .(1) to the family H' to see that H' is not 
proper. It follows that the closure H' intersects ijf'"^''" and therefore 



codim^s.ng "s,ni < i_ 



Hence our claim follows from the inequality (p.ll). 

In order to show that H^^'^^'^ is at most finite, perform a dimension count. It is 
clear that 

dimC/^''^s = dimi/S'"s + 1 > dimH^""^''' + dimX + 1, 



s 



STEFAN KEBEKUS 



which in turn implies that general fibers F of the natural projection [/^'"s _> x 
are of dimension dimi^ > dim H^"^^'^ + 1. Now it suffices to note that the natural 
map F is finite, i.e. that dimi^ = dimijf^s to obtain that 

1 > dimi7f"s > dimij|'"s,:^ ^ ^ 

which yields the finiteness result. 

With the inequality (3J.), the same dimension count, using the family i/Smg.m^ 
immediately shows that 

1 > dimij|''^S,ni > ^i^ffSingM.x ^ ^ 

which means that all curves associated with H^^'^^-'^ are immersed. This ends the 
proof of statement (1). 

To prove statement (2), we argue as above. Let C C X be a singular curve 
corresponding to a general point of ^nd y & C general with respect to L\c- 

By theorem 2^.(3), the family iJy™^ cannot be proper, contradiction. 

□ 



3.2. Ex istence of a finite tangent morphism. If dimHx > 1, then theo- 
rem |3l^.(l) asserts that the general curve associated with is smooth at a;. If Hx 
is the normalization of , we may therefore define the "tangent map" 

which associates a curve through x which is smooth at x with its tangent direction 
at X. Here we show that Tx is always a morphism. 

The image of the tangent map has been studied extensively in a series of papers 
by J.-M. Hwang and N. Mok. The authors informed us that theorem 3^ can be used 
to give a different, simpler proof of the deformation rigidity of hermitian symmetric 
spaces. 



Theorem 3.4. 

tangent map Tx 



Under the assumptions 3.1, if x E 
is a finite morphism. 



X 



general point, then the 



Proof. If / : Pi — > X is a morphism which is birational onto its image, if f{Q) = x 
and the image Image(/) is a curve which is associated with Hx, then it follows from 
theorem 3.3.(1) that / is smooth in a neighborhood of £ Pi. Now, to conclude 
that Tx is a morphism, it suffices to realize that Tx can be written as a composition 




Hom6„(Pi,X,0 a;)/Aut(Pi,0) 

/3 

where Hom^i^ (Pi , -'^i i— > x) is the parameter space of morphisms, and /3 sends a 
morphism / to the image of its tangent map: /3 : / i— > T/(rpJo). The existence 
of a and the existence of the quotient space follows from universal properties — see 
|Kol96t n.3]. 

To show that Tx is finite, we argue by contradiction. If Tx was not finite, we 
could find a curve H' C Hx such that Tx{H') is a single point v G ¥{T^\x)- After 
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changing base, we can assume that H' is smooth, and consider the diagram: 



X 



H' 

where U' is the normaHzation of the universal family and hence a Pi -bundle over H' . 
There exists a section (Too C U' which contracts to the point x, and the restriction 
of the tangent morphism Ti' yields a morphism: 



Tl' : N„ 



k 



where Nc^^u' is the normal bundle of Goo and v a line in Tx\x- But since the 
normal bundle is not trivial, this map has to have a zero! Thus, there exist curves 
associated with H' which have non-immersed singularities at x. This contradicts 
theorem 3^.(1), and we are done. □ 



3.3 . U niqueness of rational curves through 2 points. In the setup given 
in 3J., the author conjectures that the map ix is always generically one-to-one 
onto its image. It is a direct consequence of theorem 3^.(2) that this holds in the 
presence of a line bundle of low degree. 



Theorem 3.5. // there exists a line bundle L £ Pic(X) intersecting the curves 
with multiplicity 2, then ix is generically one-to-one onto its image. In particular, 
ify€ locus(772:) is a general point, then there exists a unique curve in H containing 
both X and y. 

Proof. Following an argument of Miyaoka, Lx is generically one- to-one if 
i/Sing,^ = 0^ and the latter follows from theorem U.(2). See [|Ko196| , V.3.7.5] 
for a proof of Miyaoka's result. □ 



Remark that if fc is a field of characteristic zero, then "generically one-to-one" 
implies "birational". In finite characteristic this is of course not necessarily so, and 
Lx will certainly not be birational in general. 



3.4. Characterization of P„. In |K073|, Kobayashi and Ochiai characterized the 
projective space as the only Fano-manifold X whose canonical bundle is divisible 
by dimX + 1. This result was generalized by several authors, e.g. in |KS9£|. We 
employ theorem 3.5 to give a characterization of the projective space in terms of 
families of rational curves which improves on the known results. 

Theorem 3.6. Let X be a normal projective variety defined over C, L G Pic{X) 
and H C RatCurves"(X) an irreducible component. Let x G locus(i/) be a general 
closed point. Assume that Hx is proper and that locus(iJa;) = X. If L.C ~ 2 for a 
curve C e H, then X ^ P„. 

By the classic argumentation of Mori, when X is a Fano-manifold and 
—Kx-C > dimX for all rational curves C C X, then a family H exists where 
Hx is proper and \ocus{IIx) = X. 
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Proof. Let Ux be the normalization of the universal family Ux and consider the 
diagram 

Ux ^ X 

Pi-bundle.. 

Hx^^nT*xU) 



It follows directly from theorem |3.5| that Ix is birational and it follows immediately 
that Tx is birational as well. But then Tx is a finite birational morphism between 
normal spaces, and therefore isomorphic. In particular, Hx and Ux are smooth. 

The induced map Ix ■ Ux ^ X Is an isomorphism away from the section 
D := L~^{x), which is contracted: otherwise, Zariski's main theorem asserts that 
there exists a point x' ^ X and a positive dimensional subfamily of curves passing 
through both x and x' . But Mori's bend-and-break argument says that this can- 
not happen if Hx is unsplit. In particular, since Ux is smooth it follows that X is 
smooth. 



In this setting, an elementary theorem of Mori yields the claim. See | Kol96i 



V.3.7.8]. □ 
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